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Abstract 

As a supplement of our previous work [10], we consider the local- 
ized region of the random Schrodinger operators on Z 2 (Z rf ) and study 
the point process composed of their eigenvalues and corresponding lo- 
calization centers. For the Anderson model, we show that, this point 
process in the natural scaling limit converges in distribution to the 
Poisson process on the product space of energy and space. In other 
models with suitable Wegner-type bounds, we can at least show that 
any limiting point processes are infinitely divisible. 
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1 Introduction 

The typical model we consider is the so-called Anderson model given below. 
(H u <p)(x) = £ ( p{y) + XV u) {x) ( p{x) } ipel 2 (Z d ) 

\x-y\=\ 

where A > is the coupling constant and {K ; (x)} xeZt i are the independent, 
identically distributed random variables on a probability space (f2,JF, P). 
The following facts are well-known. 

(1) (the spectrum of H) the spectrum of H u is deterministic almost surely 

a{H u ) = £ := [—2d, 2d] + X supp du, a.s. 
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where v is the distribution of V u (0) [T5] . 

(2) (Anderson localization) There is an open interval JcE such that with 
probability one, the spectrum of H u on / is pure point with exponentially 
decaying eigenfunctions. I can be taken (i) / = £ if A is large enough, (ii) 
on the extreme energies, (iii) on the band edges, and (iv) away from the 
spectrum of the free Laplacian if A sufficiently small [H [161 E 12] • 

Recently, some relations between the eigenvalues and the corresponding 
localization centers are derived[15j. It roughly implies, 

(1) If \E — Eq\ ~ L~ d , the localization center x(E) corresponding to the 
energy E satisfies > L. Hence the distribution of the localization 
centers are thin in space. 

(2) If \E — E'\ ~ L~ 2d , the localization centers x(E),x(E') corresponding to 
the energies E, E' satisfies \x(E) —x(E')\ > L. Hence the localization centers 
are repulsive if the energies get closer. 

On the other hand, in [TO], they study the "natural scaling limit" of the 
random measure in R d+1 (the product of energy and space) composed of the 
eigenvalues and eigenfunctions. The result there roughly implies that the 
distribution of them with eigenvalues in the order of L~ d from the reference 
energy Eq, and with eigenfunctions in the order of L from the origin, obey 
the Poisson law on R d+1 . This work can also be regarded as an extension of 
the work by Minami [13] who showed that the point process on R composed 
of the eigenvalues of H in the finite volume approximation converges to the 
Poisson process on R. To summarize, [T5*l [TO] imply that the eigenfunctions 
whose energies are in the order of L~ d are non-repulsive while those in the 
order of L~ 2d are repulsive. 

The aim of this paper is to supplement [10] : (i) to study the distribution 
of the localization centers which is technically different from what is done in 
[TO] and (ii) to study what can be said to those models in which the Minami's 
estimate and the fractional moment bound, which are the main tool in [TO] , 
are currently not known to hold. 

We set some notations. 

Notation : 

(1) For x = (x 1 ,x 2 ,---,Xd) e Z d , let \x\ = E*=i N- h L (x) := {y E Z d : 
\x — y\ < §} is the finite box in Z d with length L centered at x G Z d . 
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|A| := JjA is the number of sites in the box A and xa is the characteristic 
function of A. 

(2) For a box A, let 

dA :={(y,y') eAxA c :\y-y'\ = l} 

dA := G A : (y, y') G dA for some y G A c | 

be two notions of the boundary of A. 

(3) For a box A(c Z d ), H A : = if |a is the restriction of H on A. We adopt the 
zero(Dirichlet) boundary condition unless stated otherwise : H\ := xaHxa- 
For E ^ a(H^), Ga(E; x,y) = (6 X , (if A — E)~ l 8 y )pix\ is the Green function 
of H A . 8 X G l 2 {Z d ) is defined by 8 x (y) = l(y = x), = 0(y ^ x) and (-, -),a( A ) 
is the inner-product on Z 2 (A). 

(4) Let 7 > 0,E G R. We say that the box A L (x) is (7, E) -regular iff 
E ^ cx(Hx L (x)) and the following estimate holds 

sup \G Kh i x ){E + ie;x,y)\ < e -7 ^, My G dA L (x). 

(5) For cf) G l 2 (Z d ), we define the set X(<ft) of its localization centers by 

X(0) := {xGZ d :|0(x)|=max|0(y)|) 

This definition is due to [5]. Since G l 2 (Z d ), X((j)) is a finite set. To be 
free from ambiguities, we choose x(<fr) G X(<f)) according to a certain order 
on Z d . For a box A, we say <fi is localized in A iff x(<ft) G A. If {Ej}j, {4>j}j 
are the enumerations of the eigenvalues and eigenfunctions of H counting 
multiplicities, we set X(Ej) := X(<pj),x(Ej) := x((j)j) and we say Ej is 
localized in A iff x(Ej) G A. If an eigenvalue is degerated, we adopt any but 
fixed selection procedure of choosing eigenfunctions. 

(6) For a Hamiltonian H, an interval J(c R), and a box A(c Z d ), we set 

N(H, J) := fl{ eigenvalues of H in J } 
N(H, J, A) := Jj{ eigenvalues of if in J localized in A } 

(7) For a n-dimensional measurable set A(c R"), we denote by \A\ its 
Lebesgue measure. For a G R and r > 0, f (a, r) := {x G R : |x — a| < r} is 

1 We adopt this definition to treat Lemma I37T1 and Proposition ETJ 
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the open interval centered at a with radius r. 

(8) Set K = [0, l} d and let ir e and ir s be the canonical projections onRxK 
onto R and K respectively : ir e {E, x) = E, tt s (E, x) = x for (E, x) G R x K. 

(9) We set 

£(/) = / madx) 

JRxK 

for a point process £ and a bounded measurable function / on R x X. 

We consider the following two assumptions. 
Assumption A 

(1) (Initial length scale estimate) Let I{<Z S) be an open interval where the 
initial length scale estimate of the multiscale analysis holds : we can find 
7 > and p > 6d such that for sufficiently large L we have 

P ( For any Eel, A io (0) is (7, E)-regular ) > 1 — Lq P . 

(2) (Wegner's estimate) We can find a positive constant Cw such that for any 
interval J(c I) and any box A ; 

E[N(H A ,J)} < C W \A\\J\. 

Assumption A is known to hold, for instance, (1) for the Anderson model 
when the distribution of the random potential v has the bounded density p, 
with the allowed location of / mentioned at the beginning of this section, 

(2) the Schrodinger operators with off-diagonal disorder [6], and (3) for the 
Schrodinger operators on Z 2 (Z 2 ) with random magnetic fTuxes|12] (in (2), 

(3) , / can be taken on the edge of the spectrum). 

We need p > 6d to eliminate the contributions from the negligible events, in 
the proof of Proposition 12.11 

Pick a with 1 < a < a := ^f§^(< 2), and set 

L k+1 = L a kJ fc = 0,l,--- 

For simplicity, we write Ak(x) = A^ fc (x). By the multiscale analysis [16J, we 
have, for k = 1,2, ■ ■ ■ and for x, y G Z d with \x — y\ > L^, 

For any Eel, either A k (x) or A k (y) are (7, _E)-regular 

>1-Lf p . (1.1) 
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Assumption B (Minami's estimate) 

We can find a positive constant Cm such that for any finite box A and any 
interval J(c I), 

oo 

£ k{k - 1)P (N(H A , J) = k)< C M \A\ 2 \ J\\ 

k=2 

Assumption B is known to be true for the Anderson model and for any 
interval J(c R) when the potential distribution has the bounded density[14j. 
The integrated density of states N(E) of H is defined by 

N{0):= lim ^N(H A ,(-oc,E}). 

|A|-+oo | TV | 

It is known that, with probability one, this limit exists for any EeR and 
continuous [3] so that its derivative n(E) finitely exists a.e. n(E) is called 
the density of states. 

Let M p (R n ) be the set of integer- valued Radon measures on R™ which 
is regarded as a metric space under the vague topology. The point process 
on R n is defined to be the measurable mapping from (f2,jF, P) to M p (R n ). 
We say that a sequence of point process converges in distribution to a 
point process £ and write — ► £ iff the distribution of £& converges weakly 
to that of £. We formulate our problem below. 

The formulation of the problem : Let H k = H\ Ak be the restriction of 
H on Afc = {1, 2, • ■ ■ , Lk} d with the periodic boundary condition. The choice 
of this particular boundary condition is to be free from the boundary effect 
which should be purely technical. Let E'i(Afc) < E 2 (A] t ) < ■ ■ ■ < E\\ k \(Ak) be 
the eigenvalues of H k in increasing order and let Xj = x(Ej(A k )) £ X(Ej(A k )) 
be the corresponding localization center. Take a reference energy E £ / and 
define the point process on R x K as follows. 

& = 5>*i» X j = (\A k \(E J (A k )-E ),L k - 1 x J )eRxK, K = [0, l] d . 

3=1 

This scaling is the same as that in [T?[ |TU] : the energies are supposed to 
accumulate in the order of L~ d around Eq for large L if u(Eq) < oo, and if 
\E — E \ ~ L~ d , we expect ~ L \15\ Theorem 1.1]. The main theorem 

of this paper is 
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Theorem 1.1 Assume Assumptions A, B. Ifn(E ) < oo, then^ k — > Cp,Rxk 
as k — ► oo where Cp,b,xk is the Poisson process on R x K with its intensity 
measure n(E Q )dE x dx. 

If we only assume Assumption A, we can find convergent subsequence and its 
limiting point process is infinitely divisible whose intensity measure is abso- 
lutely continuous(Theorem 12.11) . (we say the point process £ is infinitely di- 
visible iff for any n e N, we can find i.i.d. array of point process {£nj}j=i with 

£ = Ylj=i£,nj)- The same conclusion is proved in [8] for the one-dimensional 
Schrodinger operator on R. The infinite divisibility of £ merely implies that £ 
is represented as the Poisson process on M p (R x K) whose intensity measure 
is given by the canonical measure of £[9l Lemma 6.5, 6.6]. We are unable 
to prove Theorem 11.11 if we replace H k by H itself (which is done in [1 Oj ) 
for some "a priori" estimates are missing to prove Step 1 in Proposition 12.11 
Lemma 14.41 and Lemma 14.71 

By "projecting" the result of Theorem 11.11 to the energy and space axis 
respectively, we have the following facts. 

(1) (Absence of Repulsion) 

Let £(A, E ) be the point process composed of the eigenvalues {^(A)}'^ of 

C(A, Eq) := X^IAK-Ej(A)--Eo)- 

j 

Then we recover the result in [T4] . 

Corollary 1.1 Under the same condition as Theorem we have 

£(Afc, Eq) — > Cp.r as k — > oo where (p^ is the Poisson process on R with 
intensity measure n(Eo)dE. 

Because we assumed one of the essential ingredients of the proof [TH Lemma 
2] as Assumption B, it is not an alternative proof. 

(2) (Distribution of the localization centers) 

For an interval J(c R), let {Fj(A k , J)}j>± be the eigenvalues of H k in (E + 
L k d J) and choose Xj(A k ) e X(Fj(A k , J)). Define the point process on K by 
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Corollary 1.2 Under the same assumption as in Theorem ] £k,ioc ~ * Cp,k 
as k —>■ oo where (p^k is the Poisson process on K with intensity measure 
n(E )\J\dx. 

The remaining sections are organized as follows. In Section 2, we prove 
Theorem 12.11 which is one of the main steps to apply the Poisson convergence 
theorem p, Corollary 7.5] to prove Theorem 11.11 In order to do that, we 
decompose into disjoint boxes {D p } p of size Lk-i, and let H p = H\e> p as 
is done in |14j . Since the eigenfunctions of corresponding to the eigenvalue 
E in I are exponentially localized, we can find a box D p such that H p has 
eigenvalues near E. By some perturbative argument, we can construct a one 
to one correspondence between the eigenvalues of and that of ® P H P , with 
probability close to 1. Therefore, is approximated by the sum r] k = J2 P Vk,p 
of the point process composed of the eigenvalues and localization centers of 
H p . Wegner's estimate ensures that {rjk, p }k, P is a null-array and relatively 
compact, so that {r/k}k always has the convergent subsequence whose limiting 
point is infinitely divisible. 

In Section 3, under Assumption A, B, we show that 77^ converges in dis- 
tribution to the Poisson process. By Minami's estimate, rjk yP has at most one 
atom in the corresponding region in R x K with the probability close to 1. 
Hence the general Poisson convergence theorem [9l Corollary 7.5] gives the 
result. Since the mechanism to converge to the Poisson process is the same 
as in [H], Theorem 11.11 can be regarded as the extension of that. 

To construct that one to one correspondence, we used the machinery 
developed in [5j [11] which is reviewed in Section 4. 

For the random measure studied in pU], we can show the same statement 
as in Theorem 12.11 under Assumption A, which is mentioned in Section 5 with 
some remarks. 

If we also assume Assumption B in the proof of Proposition I2.1[ H p has 
at most one eigenvalues in the corresponding region with probability close to 
1, so that the correspondence between eigenvalues of Hk+i and H p becomes 
bijective apart from negligible contributions, which is mentioned in Section 
6. 
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2 Infinite Divisibility 

For simplicity, we consider instead of We first decompose A^+i into 

disjoint cubes D p of size L k : Afc +i = U^i D p , Nk = (1 + The 

contributions of boxes near the boundary of A k +i turn out to be negligible 
by Lemma [2H1 We denote by C p the box which has the same center as D p of 
size Lk — 2Lk-i : C p is obtained by eliminating the strip of width L k -i from 
the boundary of D p . 

C p := {x G D p : dD p ) > L fc _i}. 

Let := H\d v with the periodic boundary condition. We set the following 
event 

Vt k = jco> G : For any_E G /, either A^_ 1 (a;) or A k _i(y) are (7, _E)-regular 

for any 1,1/6 A fe+ i with |x - y\ > L k -ij 

which by ( 11. ip satisfies 

P(n fc ) > 1 - L^Lf +1 = 1 - L k ^ 2da2 . (2.1) 
We define the point process by 

N k \D P \ 

Vk+l = ^2 Vk+l,p, Vk+l,p = ^2 ^ Y v,j 
p=l j=l 

Y pd = (|A fc+1 |(^-(£) p ) - E ),L k l iypj ) 

where Ei(D p ) < E 2 (D P ) < • ■ ■ < E\ Dp \(D p ) are the eigenvalues of H kpi with 
Up,3 = x {Ej{D p )) G X(Ej(D p )) their corresponding localization centers. As 
was explained in Introduction, we expect that can be approximated by 
J2 P Vk+i,p to be shown below. 

Proposition 2.1 Under Assumption A, we have 

E [\Ck+i(f) - Vk+i(f)\] - 0, k -> 00, / G C C (R x X). 
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Remark 2.1 By Proposition \2.1\ the Laplace transform Lg(f) = E[e 
of £ satisfies 

Hence it suffices to show 



d > 

Vk+l — > (,P,KxK 



to prove Theorem \l.l\ 



Remark 2.2 By choosing f independent of the space variables, we obtain an 
alternative proof of fT4\ Step 3}. Since we use the exponential decay of eigen- 
functions instead of that of Green's function, this proof is mathematically 
indirect but physically direct. 

Proof. Step 1 : We show the contribution by the event VL c k is negligible. In 
fact, since \^k+i{f)\ < ||/||oo|Afe+i| and since p > 6d > \da 2 , we have 

n\tk + i(f)\M] < \\f\\oo\A k+ i\Lfj[ +2da2 = (const.)Ll 2 J[ +3da2 = o(l) 



by (12.1 In . Ei\J2 p Vk+i,p(f)] can be estimated similarly. Therefore, it suf- 
fices to show 

E[|W/)-% + i(/)l;^] = o(i). 

Step 2 : We show the contribution by the atoms whose localization centers 
are in \J P (D P \ C p ) are negligible. We first decompose 

Cfc+1 — Cfe+l T ?fc+lj 

tip) _ V i - 1 2 

P =i 

€k+i,p = fix,' H fix r 

And we decompose similarly. In what follows, we take any < 7' < 

7 and let large enough with k > A; 2 (a, d, 7, 7') V fc 3 (a, <i, 7, 7') and > 
fc 2 (a;, d, 7, 7') V fc 3 (a;, d, 7, 7'), where fc 2 , fc 3 , k' 2 and fc 3 are defined in Lemmas 
14.31 14.44 14.61 and 14.71 respectively. For simplicity, set 

e k -t := e-^-l\ 



the equation "• • • = o(l)" henceforth means "• • • = o(l) as k — * 00". 
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Claim 1 



ntfUf); n k ] = o(i), Efo&C/); n*] = o(i). 



(2) 



Proof of Claim 1 Let 

S p = {x e A fc +i : d(x, d(D p \C p ))< L k ^}, H' k p := H k+1 \ Sp 

(with the Dirichlet boundary condition). Pick a > with 7r e ( supp /) C 
[—a, a] and set 



Jk+l 



a a 
Eq — — r , Eq + 



I A* 



+i| 



|Afc+i| |Afe+i| 
For u G Ofe, we have 

iV(tf fc+1 , J fc+1 , D p \ C p ) < N(H' k>p , J k+1 + 7(0, £*_!)), 

by Lemma [4.4( 2). By Assumption A(2), we have 

E[eg! 1|P (/);n fc ] < ||/|| ao E[Jv(fl fc+1J j fc+1)J D p \c p )] 

< ||/|| M E[iV(tf' J fc+1 + 7(0,e fc _i))] 



< (consQWfW^CwlDpXCpl 



2a 



|A 



fc+i 



Using the inequality \D P \C P \ < (const.)L k ^\L k and then taking sum w.r.t. 
p gives 



n^Uf);n k }< (const.) 



L k -\ 



0(1). 



To estimate we set 



r p = {xGD p : <9(D p \ C p )) < L k ^}, H' k \ p := H Kp \ Tp . 

Then the same argument as above with Lemma 14.4( 3) gives 
E [v k +i(f); A*] < (const.)^i = o(l) and thus proves Claim 1. [] 

Therefore, it suffices to show 

Ef|e2i(/)-^*+i(/)l;n*l = o(i). 
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The equation E[%_ | 1 1 (/); fifc] = o(l) will be used in Step 3 below. 

S'tep 5 : We first show the following claim. 

Claim 2 Let 7 C 7 be an interval. If u; G fife, we have 
(1) 

N(H k+1 , J, C p ) < N(H k)P , J + 7(0, efe_x)), 

(2) 

X] N(H kjP , J + 7(0, e fc _i)) 
p 

< ^ iV(77 fe+1 , J, C„) + J2 N(H k+1 , (7 + 7(0, 2e fc _!)) \ J, C p ) 

p p 

+ 2 J + ^(0, 3efe_!)) + £ iV(77^, J + 7(0, 2e fc _ 1 )). 

p p 

Proof of Claim 2 (1) clearly follows from Lemma [4.41 To show (2), we de- 
compose 

iV(77fe iP , 7 + 7(0, £*_!)) = iV(77fe iP , 7 + 7(0, e*_i), C p ) + N{H Kp , 7 + 7(0, e fc _i), £> p \ C p ) 

=: 7 p + 77 p . 

By Lemma [4.41 

II p <N(Hl p ,J + I(0,2e k ^)) 
and by Lemma 14.41 and Lemma 14. 7\ 

^7 p <iV(77fe +1 ,7 + 7(0,2efe_ 1 )) 

p 

= X iV(77 fc+1 , 7 + 7(0, 2efe_ 1 ), C p ) + £ iV(77fe +1 , 7 + 7(0, 26^), 7) p \ C p ) 
p p 

< ^ iV(77fe +1 , 7 + 7(0, 2e*_ 1 ), C p ) + £ ^(77^, 7 + 7(0, 3e fe _i)) 

p p 

which shows Claim 2(2). [] 

For any p = 1,2, ■ ■ ■ , N k , let {-Epj} be the eigenvalues of 77fe + i in 7fe + i lo- 
calized in C p , and write Uj I{E p> j, Cfc-i) as the disjoint union of open intervals 

\Jl(E PJ ,e k . 1 ) = \Jl i . 

3 i 
11 



If af 1 < a K 2 < ■ ■ ■ < 0% are the eigenvalues of H k+1 in 7; localized in C p , 
then 

= + 7(0, e fc _0, /;:=(aP,ag). 
Letting J = 7- in Claim 2(1), we have 

N(H k+1 ,I h C p ) <N(H Kp ,h) 

and hence we have an one to one correspondence from the eigenvalues of 
H k+ i in Jj localized in C p to those of 77^ in Jj. Since diam (ij) < Lf.e k ^i, 
the corresponding eigenvalues F J)P of H k+ i, H k ^ p satisfy 

\ E j,p ~ F j,p\ ^ L d k t k -i. 

On the other hand, by letting J = J k+ \ in Claim (2) we see that, the number 
of eigenvalues of H k , p in J k+ i + 7(0, e k -i) for p = 1, 2, • • • , N k which do not 
lie in the range of this correspondence is less than 

£ N(H k+l , (J k+l + 7(0, 2e fc _i)) \ 7 fe+1 , C p ) + £ AT(77^, J fc+1 + 7(0, 3e fc _i)) 
p p 

+ X>(ff^,J Jfc+1 + J(0,2e fc _ 1 )). 
p 

Therefore, if = x(Ej iP ) (resp. yj iJ3 = x(F J)P )) are the localization center 
of Ej >p (resp. Fj iP ), we have 



E 



< E |/(|A fc+1 |(^. p - T^o), 7.^,^) - /(lA^K^ - ^ ),^ l2/j . p ) 

+ E 11/llooE [iV(77 fc+1 , (J fc+1 + 7(0,2e fe _ 1 )) \ 7 fe+1 ,C p )] 
p 

+ E 11/llooE [iV(77^, J k+1 + 7(0, 3c*_i)) 



v 

+ E 11/llooE [iV(77^, J fe+1 + 7(0, 2e fc _0) 
p 

---.I + II + III + 7V. 
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Since / is uniformly continuous, for any e > we have \f(x) — f(y)\ < e 
whenever \x — y\ < 5(e) with some 5(e) > 0. Since 

(\A-k+i\(Ej, P ~ E ), L^Xjp) - (\A k+1 \(F jiP - E ), Lll^j^ 
< |Afc + i|L^ +1 efc-i + L k /L k+ i < 5(e) 
for large k, we have 

2a 



KeE 



2J N(Hk+i, Jk+i, Cp) 



< eC 



w 



|A 



fc+i I 



■|Afc+i| = (const.) e 



by Assumption A(2), which also gives a bound for 77. 

// < H/llooE [iV(77 fc+1 , (J fc+1 + 7(0, 2e*_ 1 )) \ J fc+1 )] 
< H/lloo^e^-^IAfc+xl =o(l). 

777, 71/ can be estimated similarly as in Step 2 : 

iii,iv <Y,\\f\Uc w \D p \c p \ ( 2,1 

V \ 

< (const. 



A 



+ 6e fc _ 



fc+i I 



7 



fc+i 



7, 



C w L k _ x L d k 1 L k + 1 



< (const.] 



■>k-l 



u 



The proof of Proposition 12.11 is now completed. [] 

We next show some elementary bounds of £k+i,Vk+i to study their basic 
properties. 

Lemma 2.1 

(1) For a bounded interval A(c R x K), 

e[6+i(a)] < c w \-K e (A)\, n[vk+i, P ( A )] < c w ^ A)][ 

for large k. 

(2) For f G C C (R x K) we have 

e[EI%+i iP (/)I]<( co ^-)c^||/||i 



A 



A, 



fc+i I 



for large k. 
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Proof. (1) Since J fc+1 := E + |A fc+1 | 1 n e (A) C I for k large enough, As- 
sumption A(2) gives 

E[a+i(A)] < B[N(H k+1 , J k+1 )\ < C w \7i e {A)\ 
E[ Vk+ltP (A)] < E[N(H kjP , J k+1 )} < CVt^t ■ l A *l- 

\ A k+l\ 

(2) Let A = J x B ( J C R, B C if) be an interval. Taking = L^Dp we 
have 

5>W^)< E N(H k , p ,E + L k ^J). 

P p:D' p nB^$ 

Since 



ft : D; n B ± 0} < (con g t.) (Lfc )f } < (const.) |E| j^ 1 ' 

we obtain, using Assumption A(2), 

I B\ I Afc_)_i I I J\ 
E [J2vk+i, P ( A )} < (const.) fc+1 -CVj-r r|A fc | = (const)C w |A| 



|A fc+ i 

A density argument gives the result. \J 

The following lemma easily follows from Lemma 12. If 1 ) . 
Lemma 2.2 

(1) {f]k+i )P }p=i is a null-array, i.e., for any bounded interval A(c R x K), 

lim sup P(r] k+hp (A) > 1) = 0. 

fc-^oo l< p <AT fc 

(2) We have the following equation 

lim lim sup P \ ^ri k+l , p (A) >t) =0. 

fc^oo V V J 

Hence by Lemma 4-5], {Y^ P Vk+i,p}k is relatively compact. 
We sum up the results obtained in this section. 
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Theorem 2.1 Assume Assumption A and n(E ) < oo. Then has a 
convergent subsequence and the limiting point £ is infinitely divisible whose 
intensity measure satisfies 

E[f(A)] <n(E )\A\, AeB(RxK). 

Proof. The infinite divisibility follows from [9, Theorem 6.1], Proposition 
12.11 and Lemma 12.21 The claim for the intensity measure follows from the 
following three considerations. 

(1) If & S £, then &/ 4 £/ for / G C C (R x K),f > [91 Lemma 4.4]. 
Hence 

E[£(/)]<liminfE[£ fc+ i(/)]. 

fe— »oo 

(2) By a density argument using Lemma [2.1( 2). we deduce from (13.41) (note 
that Assumption B is not used to derive (13.41) ) 

E[£%+i, P (/)] - n(^)||/||i, / E C C (R x K). 
p 

(3) By Proposition 12.11 

B[J2vk + iAf)) - E[6+i(/)] - 0, / e C C (R x K). 

p 

□ 

3 Poisson Limit Theorem 

In this section, we show that converges in distribution to the Poisson 
process, under Assumption A, B. The two conditions in the following Propo- 
sition are sufficient to prove that. 

Proposition 3.1 Under Assumption A, B, we have, for a bounded interval 
A{C R x K), 

(1) ^P( Vk+1>p (A)>2)^0, (3.1) 

p 

(2) 'EPim+iM > 1) - n(Eo)\A\. (3.2) 

p 
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Proposition 13. II together with [HI Corollary 7.5], Proposition 12.11 and Lemma 
21 proves Theorem 11.11 For its proof, a preparation is necessary. 



Lemma 3.1 Assume Assumption A. For an interval J(c R) ; we have 

£ E[ Vk+1 , p (J x K)\ ^ n(Eo)\ J\. 
P =i 

Proof. Since E[\£ k+1 (J x K) - E P Vk+i, P ( J x *0I] ^ by Proposition O 
and Lemma [2.1( 1). it suffices to show 

E[^ k+1 (J x K)} ^ n(E Q )\J\. 

As is done in [H], it is further sufficient to show the above equality for the 
following function instead of lj 



f M= ( X -J)2 + T * > ( = ff + lrGC+> 



because the set 



of the finite linear combinations of with positive coefficients is dense in 
L\(R) [IU Lemma 1], and Lemma H~8l enables us to carry out the density 
argument. Hence it suffices to show 

E[£fc+i(/c)] - vrn(E ), ( <E C + . 
For any x G A^+i, we have 

BKw-iC/c)] = u^ E t Tr ^ fc+1 (E + )] 

= E[QG k+1 (E + -^-;x,x)} 

\ A k+l\ 

(since we impose the periodic boundary condition). Let G(z) = (H — z)^ 1 be 
Green's function of H. Let x be the center of A fc+1 and let z k+ i = E + u~i ■ 
Then by the resolvent equation, 

Gk+i{zk+i\ x, x) — G{Zk+i] x, x) 

= ]T G k+1 (z k+1 ;x,y)G(z k+1 ;y',x) 
(y,y')edA k+1 
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By the multiscale analysis, the event 

Qk+i{E) := {u E tt : Afc+i is (70, £)-regular } 

satisfies 

P (Q k+1 (E)) > 1 - 

for any Eel and < 70 < 7. Take k large enough and let E k +i = ^R.z k +i- 
We decompose 

|E[G fe+ i(^fe + i; x, x) - E[G(z k+ i; x, x))) 

< Yl E[\G k +i(zk+i;x,y)\ ■ \G(z k+1 ;y',x)\;Q k+1 (E k+1 )] 

(y,y')edA k+1 (x) 

+ mG k +i(z k+1 ;x,y)\ ■ \G(z k+1 ;y',x)\;g k+1 (E k+1 ) c } 

=:I + II. 
Because 

I < c d L d k -\e-^ L d k+1 = o(l), II < c d Lt + \Ll d +1 L- k l^ 

we need p > 3d — 1 to have II = o(l), which is guaranteed by Assumption 
A(l). Therefore 

E[6+i(/c)] = 7T~ — i" E[Tr %G k+1 (z k+1 )] 

\ A k+l\ 

= E[QG(z k+1 ;x,x)]+o{l) 
= 7cn{E ) + o{l). 

as k — ► 00. [] 

Proof of Proposition [X71 Let ^4(c R x K) be a bounded interval. As is dis- 
cussed in [H], it suffices to show the following equations to prove Proposition 
I3~T1 

(1) EEPM^)>j)-0, (3.3) 

j>2 P 

(2) ^E[ %+1)P (A)]^n(£;o)|A|. (3.4) 

p 
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In fact, (13.31) trivially implies fl3.ll) . and (13.21) follows from 

J2P(Vk + i, P (A) > 1) = ^E[ Vk+1 , p (A)}-J2Y, p (Vk + i, P (A) > J) - n(E )\A\. 

P P P j>2 

( 13.31) in turn follows from Assumption B : 

E E P(Vk+i lP (A) > j) < E EO' " l)PfoW^) x K) = j) 

p j>2 p j>2 

< EEi(j - lMvk+iMA) x K)=j) 

p i>2 

< C M N k -^— - 

|Afc+i| 

which is the only (and fundamental) step to use Assumption B. 

To prove (E2D, let J = n e (A),B = ir s (A) and let D' p = L k \ x D v . We then 
have 

ee[ %+1iP (a)] = e nvk + i, P (A)} 

P BnD' p ^® 

= E E[ %+1 , p (A)] + £ Efo fe+ljP (A)] 

=:/ + //. (3.5) 
By Lemma [2.1( 1) and by the inequality 

Up ■■ d' p n tt s (A) ^ 0, n tt s (A) c ^ 0} < (const) 

we have 



Lk+i\ d 1 |Afc| . . L 



//< (const.) =7^ • = (const.) (3.6) 

\ L k J |Afc + i| L k+ i 

To compute /, we note 

I = UP ■■ D' p C B}E[ Vk+hp (J x K)}. 

Substituting 

N k E[ Vk+hp (J x K)\ = n{E )\J\ + o(l), 
which follows from Lemma 13.11 we have 

/ = HP : D j C B} (n(E )\J\ + o(l)) = n(E )\B\ ■ \J\ + o(l) (3.7) 

as k -> oo. By (13T5j) . (I3TBD and (^77|) . we obtain Q 
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4 Appendix 1 



4.1 Embedding eigenvalues of large boxes into smaller 
ones 

In Section 2, we need to argue that eigenvalues of H k+1 localized in C p 
produce those of H k ^ p . In order to do that, we review the results in [51 [TT] . 
The following lemma is proved in [5]. 

Lemma 4.1 Let Hcf) = E<f>,</>e l 2 (Z d ) (H = H k+1 or H = H k J. Then we 
can find L Q (d, 7) such that for L > L , Al(x(4>)) is (7, E)-singular. 

In the following lemmas, D p , C p , E kp , H' kp , H' k ' p , S p and T p are defined in 
Section 2. 

Lemma 4.2 For any < 7' < 7 we can find k\ = k\(a, d, 7, 7') with the 
following properties. 

(1) Suppose u e Q k , H k+1 <p = E4>,Ee I, U\\p{A k+1 ) = 1 and X(<p) n C p ^ 
for some p = 1,2, ■ ■ ■ , N k . Then if k > k\ we have 

11(1 ~ XD p )(/)\\p(A k+1 ) < e" 7 '^\ 

(2) Suppose u e tt k , H k+1 (f) = E<f),E E I, U\\fi(A k+1 ) = 1 and X{(j>) n (D p \ 
C p ) 7^ for some p. Then if k>k\, we have 

ll(l-XS,M|p(A fc+1 ) < e _7 '^\ 

(3) Suppose u) E Sl k , H Kp <\) = E</>,Ee I, = 1 and X((j>)n(D p \C p ) ^ 
0. Then if k > k\, we have 

\\(\-Xt p )<I>\\wd p ) < e" 7 '^ 1 - 

Proof. It is sufficient to show (1). Take fci large enough with L kl > L (d, 7). 
Since to G Q k and since A k -i(x(^)) is (7, _E)-singular by Lemma H~Tl Afc_i(a;) 
is (7, E) -regular for x ^ _D p . Therefore, using < 1, we have 

W)\ < £ \G Ak _ l(x) (E;x,y)My>)\ < c d L d k z\e-^ . 
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Taking ki(a, d, 7', 7) large enough with L k+1 c^L k f_ie " /Lk ~ 1 < e 7 ' Lfc - 1 
gives the result. [] 

The proof of following lemma is omitted, for it can be shown similarly as 
Lemma 14.41 

Lemma 4.3 For any < 7' < 7, we can find k 2 = ^2(0:, d, 7, 7') with the 
following property. Suppose to G Qk, Hk+i<fi — E<p,E G /, G Z 2 (Afc + i) and 
X((f))nCp 7^ for some p. Then ifk > k 2 , we have N(H k;P , I(E, e~ 7 )) > 
1. 

The following lemma is an elementary extension of [Til Lemma 1]. 

Lemma 4.4 For any < 7' < 7, we can find k^(a, d, 7, 7') with the following 
properties. 

(1) Let J(c I) 6e an interval and suppose u G fife, H k +i4>j = Ej(j)j, j = 
1, 2, • • ■ , M p , £j G J and X(0 i ) nC p ^f) /or some p = 1,2, ■ ■ ■ , N k . Then if 
k > k 3 , we have 

N(H k , p , J + 1(0, e fc _i)) > M p , efc _x = e^'^. 

(%) Suppose to G fife, Hk+i4>j = Ej(f>j,j = 1, 2, ■ • • , M', Ej G J and X(<pj) n 
(Dp \ C p ) 7^ for some p. Then if k > k 3 , we have 

N(H' k>p ,J + I(0,e k ^))>M p . 

(3) Suppose uj G Q k ,H ktP (pj = Ej<pj,j = 1, 2, • • • , M p , Ej G J and X(<f>j) R 
(D p \ C p ) 7^ 0. Tnen if k > k^, we have 

N(H' k \ p ,J + I(0,e k ^))>M;. 

Proof. It is sufficient to show (1). Assume ||0j||z 2 (A fe+1 ) = 1 without loss of 
generality, and set ipj — XD p 4>j- Letting 7 m = 1 ^ L , we have by Lemma |4"72"| 

U 3 \\l { D p) >^-e-^ Lk -\ (4.1) 
\(MMd p )\ <e- 7mLfc -S i,j = 1,2, ■■■,M P , i^j. (4.2) 

for k > ki(a,d,j,j m ). 
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Claim 1 

We can find k'(a, d, j m ) such that if k > k', ipi , • • • , ipM p are linearly 
independent. 

Proof of Claim 1 Otherwise, we can assume 

■01 + a 2 i) 2 H h dMpi'Mp = 0, |%| < 1, j > 2, 

without loss of generality. Taking the inner-product with ^i, we have 

j 

By loj-l < 1 and by flU]) and (FO) . we have l-e" 7 " 1 ^- 1 < (M p -l)e _7mLfc - 1 . 
Therefore 

1 < Mpe" 7 " 1 ^ < L d k+1 e~ lm ^. 

i L k' — 1 

Taking k'{a,d^ m ) large enough with Lf, +1 e~ lm 2 < 1, we have a 
contradiction. [] 

Claim 2 

|| {H Kp - EjtyWppj < V2e-^ Lk -^ 2 , j = 1, 2, • • • , M p . 
Proof of Claim 2 We decompose 

H k+1 = H kjP + H Ak+1 \ Dp + T Dp , cj)j = ipj + ipj. 
(H k+1 - Ej)<j)j = implies (H kiP - Ej)ipj + V Dp ^ = so that 

\\{H k , p -E^\\ HDp) < \\T Dp ^\\ l2{Dp) < V2e-^ L ^ 2 . 
Claim 2 is thus proved. [] 

Let J' := J + /(0,efc_i), let P be the spectral projection corresponding 
to J' and let Q = /- P. Since \\(H kjP - ^)Q^||f 2(i3p) > el-illQV'illp^) by 
the spectral theorem, we have 

\\QiPj \\ lHDp) < V2e~^-^ L ^I\ j = 1, 2, • • • , M p 
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by Claim 2. Let V := Span {ipi, ■ ■ ■ ,ipM p } and take if) G V, ||^||j2(d p ) = 1- 
Writing if) = J2j a j' l l ) ji we have 

1 = ll^llf^z?,) = Y.\ a i\ 2 W^i\\l{D p ) +Y, a ^('Pi^j)iHD P )- ( 4 - 3 ) 

By inequalities P~Ti) . f fl~2j) and 

| 2nd term of (03D | < e" 7 " 1 ^" 1 £ NN < e^ 1 *" 1 (M„ - 1) £ |a;| 2 , 

i^j i 

we have £j | ct^- 1 2 < (1 — M p e" 7mife - 1 )" 1 and hence 

Taking fc > k 3 (a,d,^,i) with ^^j^r^ < f, we have \\Qif)\\p {Dp) < 
lM\l(D p ) so that 

\\PnliD p )>\U\\l { D p ) 

which implies P is injective on V. Therefore dim Ran P > dimPV^ = M p . 
□ 

4.2 Embedding eigenvalues in small boxes into larger 
ones 

In this subsection, we do the converse to what was done in Subsection 4.1 : 
we argue that an eigenvalues of H kp localized in C p produce those of H k+ i. 
Since the proofs are done similarly as in Subsection 4.1, we only state the 
result. 

Lemma 4.5 For any < 7 m < 7, we can find k[(a, d, 7, j m ) with the fol- 
lowing property. Suppose uj e Q k , H kp (f> = E(f>, E e I, \\4>\\^{d v ) — 1 an d 
X((f>) fl C p 7^ 0. Let if) e l 2 (A k+ i) be the ^-extension of <f> : 

<(x) (x e D p ) 



[0 (otherwise) 
Then for k > k[, we have 

\\(H - E)^||/2 (Afc+i) < exp (-Tm^Y 1 ) 
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Lemma 4.6 For any < 7' < 7, we can find k' 2 = k' 2 (a, d, 7, 7') wzt/i i/ie 
following property. Suppose u G Hk, P (fi = E<f> and X((p) fl C p 7^ 0. T/jen 
if k > k' 2 , H k+1 has an eigenvalue in J := I(E,e k -i), e k -i = e _7 ' Lfc - 1 / 2 . 

Lemma 4.7 For any < 7' < 7, we can find k' 3 = k' 3 (a, d, 7, 7') 
£/ie following property. Suppose uj G J(c /) an interval, H k ^ p (f) p j = 
E p ^, E pJ G J and X(0 M ) n C p ^ 0, j = 1, 2, • • • , M p , p = 1, 2, • • • , N k . 
Then if k > k' 3 , we have 

N(H k+l , J + 1(0, e fc _!)) > M, M := £ M p , = e^*-^ 2 . 

P =i 

4.3 A priori estimate 

We show a priori estimate for E[£(A fe+ i, E )(g)] where £(A fe+ i, E )(J) : = 
£k+i(J x K) J C R is defined in Introduction. 

Lemma 4.8 Suppose g is bounded and measurable on R ; satisfying 

C 

\g(x)\ < \x\ > R 



for some R > and Cr > 0. Let r := d(E , I c ) > 0. Ifr\A k+1 \ > R, we have 
E[t(A k+1 ,E )(g)]<C w [ \g(X)\d\+-^— 

J{\X\<r\A k+1 \} r 2 \A k+1 \ 

Proof. We decompose 

Z(A k+1 ,E )(g) ='£9(\^k + i\(E j (A k+1 ) - E )) 
j 

= g(\A k+1 \(Ej(A k+1 ) - E )) + ]T s(|A fe+ i|(i^A fc+ i)-£o)) 



/ + //. 



J/ is estimated by using the assumption on g 

_C 

r 2 IA fe4 ; 



^1 < |A*+i| • -57^- (4-4) 
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To estimate J, we note I = £(Afc+i, -Eo)(fl , l{|A|<r|A fc+1 |})- If 9 — 1j f° r some 
interval J C {x G R : |x| < r|A fc+1 |}, we have 

E[£(A fe+1 ,i<;o)(<?l {W<r |A fc+1 | } )] = E[iV(fT fc+1 ,^, + r^-r)] 

l A fe+i| 

<C W \J\=C W I | 5 (A)MA.(4.5) 

•/{|A|<r|A fc+1 |} 

A density argument proves ( 14.51) for g bounded and measurable. Together 
with (14. 4p . we arrive at the conclusion. [] 

5 Appendix 2 

In this section, we consider the random measure £ studied in [10J, and exam- 
ine its natural scaling limit under Assumption A. £ is defined by 

£(Jx5) :=Tr(lj(x)l B (H)) 

for an interval J x B (JcR,5c R d ), and its scaling fa is given by 

J f(E,x)dfa := Jf (L\E - E ),x/L) d£, f G C c (R d+1 ), L > 

which is done in the same spirit of fa. We then have 

Theorem 5.1 Suppose Assumption A (with p > 8d — 2) and E G I is 

the Lebesgue point of the DS measure dN. Then we can find a convergent 
subsequence {L^\^ =1 such that fa k converges in distribution to a infinitely 
divisible point process £ on R d+1 with its intensity measure satisfying 

EfadE x dx) < n(E )dE x dx. 

For its proof, we take li = O(L^) for some < /3 < 1 and consider 

B P (L) := {xeZ d : Pj l L < Xj < ( Pj + l)l L , j = l,---,d}, p G Z d 
Hl, p '■= H\ Bp ( L j, H L := ® p H L:P 

which is taken under the periodic boundary condition. Let fji iP be the random 
measure defined by 

[f(E,x)drj L , p :=Yl E /(^-^o),x/L)|^(x)| 2 

3 x€B p (L) 
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where {Ej}j, are eigenvalues and corresponding eigenfunctions of H Lp . 

We then have 

Proposition 5.1 Suppose Assumption A with p > 8d — 2. Then for f G 
C c (R d+1 ), 



E 



J f(E,x)d£ L -J2 J f(E,x)dr) L>p 



0. 



(5.1) 



The proof of Proposition 15.11 is done along the following two steps. 
Step 1 : We show (jOJ for f(E,x) = l B (x)f c (E) for a box B C Z d and 
C G C + . is defined in Section 3. The proof goes through as [IU] except 
that we use the estimate given by the multiscale analysis instead of the 
fractional moment boundF 



P sup 

V e>0 



\G A (E + ie;x,y)\ < e"^"^ > 1 - C\A\\x - y\ 



-p/2 



(5.2) 



for any E G /, any box A and any x, y G A with \x — y\ > C for some C, and 
next argue as in the proof of Lemma 13.11 
Step 2 : We prove a simple estimate 



E 



l B {x)g{E)di L 



<C w {± + o{l))\B\\\g\\ x 



(const.] 
L d 



(5.3) 



for g bounded and measurable with 



\g(x)\<% \x\>R 



x z 



for some R > and Cr > 0. The estimate (15.31) can be proved similarly as 
Lemma 13.11 and Lemma 14.81 By a density argument using ( 15. 3ft , we can show 
( EED for f(E, x) = l B (x)g(E) for a box B C Z d and g G C C (R). Then we can 
further extend (15. ip to arbitrary / G C c (R d+1 ) by some a priori estimates 
stated below : for any C > we can find L (C) with 



(1) 
(2) 



E 
E 



f(E,x)d^ 



< 2n(E 



(5.4) 



E 



f(E,x)dfj L ,p 



< C 



w 



for supp / C {\(E, x)\ < C} and L > Lq(C). It is also possible to prove 
Proposition 15.11 by using the almost analytic extensions. 
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The facts that the sequence is a null-array and relatively compact 

follow from (15. 4p , and Proposition 15.11 then proves the infinite divisibility of 
the limiting random measure £. The fact that £ is a point process and the 
estimate for its intensity measure EC,(dE x dx) follow similarly as in [TO], 
completing the proof of Theorem 15.11 

We end this section with some remarks. 

Remark 5.1 Let B(c Z d ) be a finite box and let H^b '■= H\lb be a restric- 
tion of H on LB with some boundary condition with {Ej}, {ipj} its eigenval- 
ues and corresponding eigenf unctions. Define a random measure £l,b by 

[ f(E, x)d£ L , B := E E fixity - E ),x/L) \^(x)\ 2 . 
Then for f G C C (R x B), the proof of Proposition ^ .11 tells us that 



E 



j f(E,x)d^ B ~Yl J f( E ,x)df)L, P 



0(1). 



Together with Proposition ^. 1\ we have 



E 



J f(E,x)d£ L>B - J f(E,x)d£ L 



o(l), feC c (RxB) 



which shows £l — £,l,b — ¥ vaguely a.s. Therefore the eigenvalues and the 
eigenfunctions on Hlb and those of H localized in LB has the same behavior 
in this sense. 



Remark 5.2 If we would try to prove that the limiting point process is unique 
without Assumption B, it is sufficient to find a random variable with 

Uf) 4 o 

for f(E,x) = lB(x)f^(E),( ^ C + (B(c Z d ) is any finite box). Here we used 
/ I5. 3\) and |3 Lemma 5.1]. This is equivalent to proving that the L — > oo 
limit of the function 

L a (/)=E[ex P (-e i (l B (x)/ c (£;)))] 



E 



exp 



(-L- d E $fG(E + L- d C ] x,x)) 
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is the Laplace transform of a random variable. Then one would have to 
handle various limits including the non-tangential limit of Green's function, 
while, under Assumption B, L^ L (f) converges to 

E[exp (-( P>R a + il B (x)f c (E))} = exp (-n(Eo)\B\ J^dE(l - e~^)) . 

Remark 5.3 It is known that H has the semi- uniformly localized eigenfunc- 
tion(SULE) : the eigenfunctions {ip n } of H satisfy 

Wn{x)\<C^ lQ e^ x ^e-^ x -^\ n=l,2,-.-, 

almost surely, where x n G X(<p n ), 70 > 0, e > 0, and this estimate can not be 
improved in general J^j. However, the factor e 70 ^™^ does not play a serious 
role to prove Proposition \5.1\ ; In fact, since only the finite volume is involved 
in our situation, we can prove 

\Mx)\<C^e-^ x -^, 71=1,2,--., 

for eigenfunctions whose localization centers lie in a finite box B. 



6 Appendix 3 

In this section, we assume both Assumption A and B and present another 
proof of Proposition 12. II We use the notation in Section 2 and for simplicity, 
let 

J'k+i := Jk+i + -f (0, e fc -i). 

As was done in the proof of Proposition ^. \\ we take k ^> 1 so that Lemma 
14.41 14.61 14.71 are applicable. By Step 1 and Step 2 in the proof of Proposition 
12.11 it suffices to show the following equation for / G C C (R x K). 

E E [fcSU/) -Vk+iM)\^ k ] = o(i). (6.i) 

p 

We first decompose the LHS of (16.11) as 

lhs of QEB = Y, E [\&iAf)-^M)\^kn{N(H k ^4 +1 ) = i} 

p 

+E E - %+i, P (/)|;O fe n {N(H k , p , J' k+1 ) > 2} 

p 

=: A + B. 
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We note that, since 

N(H k+u J k+h C p ) < N(H k>p , J' k+1 ), uen k (6.2) 
by Lemma WM |$L(/) - Vk+x, P (f)\ = if N(H k>p , J' k+l ) = 0. 



,p 

Claim 1 : B = o(l). 

Proof of Claim 1 We write B = ^Z p B p . By ( 16.21) and by Assumption B, 
we have 

B p < 11/llocE [N{H k+1 , J k+1 , C p ) + N(H k , p , J' k+ &, V k n {N(H kjP , J' k+1 ) > 2} 
< 2H/IUE [N(H k;P , J' k+1 ); Q k n {iV(tf fcjP , J' k+1 ) > 2} 

= 2II/IU E J(J " !) p J'k+i) = j) 

<2||/|| 00 C M f n ^ + 2e fc _ 1 > l -|A fc | 2 

which shows B < (const.) jj^j-j and thus proves Claim 1. [] 

To estimate A, we further decompose A = A\ + A 2 with 

4 = E E [k+U/) " Zk+iM)\> Q k n 4+i) = 1, N(H k+1 , J k+1 , c p 

p 

a 2 = J2 e [\vk+iM)\; n {iv(^ fc , P) = 1, iv^, j fe+1 , cy = o}" . 

Claim 2 : A 2 = o(l). 

Proof of Claim 2 While it is possible to prove Claim 2 by the argument 
used in Step 3 in the proof of Proposition ^. 11 we take an another route here. 
The argument in the proof of Claim 1 gives 

E[N(H k+ i,J k+1 )] 

= E E [N(H k+1 , J k+1 , C p )- tt k n {N{H Kp , J' k+1 ) = 1}] + o(l). (6.3) 
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On the other hand, by Lemma 16.11 below and by the argument in the proof 
of Claim 1 again, 

E[N(H k+1 , J k+1 )} = £ E[N(H h , p , J' h+ i)\ + 

v 

= £ E [N(H k>p , J' k+1 ); n k n {N(H ktP , J' k+1 ) = 1}] + o(l). (6.4) 

p 

By (P and Q), we have 

< 2 E [iV(tf fc , p , 4 +1 ) - N( J ff fc+1 , J fc+1 , Cp); 14 n {iV(^, p , 4 +1 ) = 1}] = o(l). 



p 

Since we have 



\Vk+iM)\ < \\f\\oo(N(H k ^J' k+1 ) - N(H k+1 ,J k+u C p 

on the event in which A 2 is computed, (I6.5p implies A 2 = o(l) and thus 
proves Claim 2. [] 



By Lemma fl~3l for an eigenvalue E v of H k+ i in J^+i localized in C p , we can 
find an eigenvalue F p e I(-E p , Cfc-i) of iffc iP in J k+V Since N(H k+1 , J k +i, C p ) = 
1 and N(H kjP , J' k+1 ) = 1 on the events in which A\ is computed, there are no 
other eigenvalues of H kp in J' k+1 . Then A\ = o(l) follows from the argument 
in Step 3 in the proof of Proposition 12.11 

It remains to show the following lemma. 

Lemma 6.1 If p > I2d in Assumption A(l), we have 

E[N(H k+1 , J k+1 )} = £ E[N(H ktP , J' k+1 )} + o(l). 

p 

Proof. Since 

X; E[N(H kjP , J' k+1 \ J k+1 )] < C w \A k \2e k J-^- = o(l) 

p \ A k\ 

by Wegner's estimate, it suffices to show 

E[N(H k+1 , J k+1 )} = V[N(H k>p , J k+1 )} + o(l). 
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Let f(E,x) = f(E) for / e C C (R). By Lemma flA~\ it is further reduced to 



E 



oil). 



By the argument in [TJl Step 1], it is sufficient to take f = fc ( £ C + in 
which case the proof can be done by using the argument in |14, Step 3] and 

a □ 
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